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Abstract
In this paper, we present a new computational method for solving nonlinear singular boundary value problems of
fractional order arising in biology. To this end, we apply the operational matrices of derivatives of shifted Legendre
polynomials to reduce such problems to a system of nonlinear algebraic equations. To demonstrate the validity and
applicability of the presented method, we present some numerical examples.
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1 Introduction
For modeling many physiology problems such as study of steady state oxygen-diffusion in a cell with MichaelisMenten uptake kinetics [1, 2] bending of beams [3] and spring mass system [4], nonlinear differential equations are
considered as essential instruments. These equations are also useful in study of the distribution of heat sources in the
human head [5, 6] and tumor growth [7, 8, 9, 10, 11].
As we know, singular boundary value problems
′′

y (x) + (a +

m ′
)y (x) = f (x, y), 0 ≤ x ≤ 1,
x

with the initial conditions

′

α1 y(0) + β1 y (0) = A,
′

α2 y(1) + β2 y (1) = B,

(1.1)

(1.2)
(1.3)

arise in physiology, where f (x, y) is continuous, ∂∂ yf exists and is continuous and also ∂∂ yf ≥ 0, 0 ≤ x ≤ 1. these
problems, with m = 0, 1, 2 and a = 0, arise in the study of various tumor growth problems with linear f (x, y), and
ny
also, with non-linear f (x, y) of the form f (x, y) = f (y) = y+
η , n > 0, η > 0 and m = 2, a = 0 arise in the study of
steady state oxygen diffusion in a spherical cell with Michaelis-Menten uptake kinetics. A similar equation for m = 2
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and a = 0 arise in the study of the distribution of heat sources in the human head, in which f (x, y) = f (y) = −δ e−ε y ,
δ > 0, ε > 0. In this paper we generalize the definition of Eqs. (1.1)-(1.3) up to fractional order as following:
Dα y(x) + (a +

m β
)D y(x) = f (x, y), 0 ≤ x ≤ 1, 1 < α ≤ 2, 0 < β ≤ 1,
x
′

α1 y(0) + β1 y (0) = A,

(1.4)
(1.5)

′

α2 y(1) + β2 y (1) = B,

(1.6)

where A, B are constants, f (x, y) is a continuous real-valued function. The main objective of this paper is to provide
an introduction of a novel-method based on operational matrices of fractional derivative of shifted Legendre polynomials that have been demonstrated in [12] in order to solve equations (1.4)-(1.6). The main characteristic behind the
approach using this technique is that it reduces these problems to those of solving a system of algebraic equations.
The rest of the paper is organized as follows: In section 2, we present some necessary definitions and mathematical
preliminaries of the fractional calculus theory and shifted Legendre polynomials which are required for establishing
our results. In Section 3 the shifted Legendre operational matrix of fractional derivative is introduced. Section 4 is
devoted to applying the shifted Legendre operational matrix for the problems given in Eqs (1.4)-(1.6). In Section 5,
we solve some numerical examples by using the proposed method in previous section. Finally section 6, concludes
the paper.
2 Preliminaries and notations
Here, we recall some basic definitions and properties of fractional calculus that are used in this article. There are
various definitions of fractional integration and differentiation, such as Grunwald-Letnikov’s definition and RiemannLiouville’s definition. The Riemann-Liouville derivative has certain disadvantages when trying to model real-world
phenomena with fractional differential equations. Therefore, we will introduce a modified fractional differential
operator Dα proposed by Caputo in his work on the theory of viscoelasticity [13].
Definition 2.1. The Caputo fractional derivatives of order α is defined as
Dα f (x) =

1
Γ(n − α )

∫ x
0

f (n) (t)
dt, n − 1 < α ≤ n, n ∈ N,
(x − t)α −n+1

where α > 0 is the order of the derivative and n is the smallest integer greater than α . For the Caputo derivative we
have: [14]


f or β ∈ N0 and β < ⌈α ⌉,
 0,
α
β
D x =

 Γ(β +1) xβ −α , f or β ∈ N0 and β ≥ ⌈α ⌉or β ∈
/ N and β > ⌊α ⌋,
Γ(β +1−α )
Dα c = 0, (c is a constant).
We use the ceiling function ⌈α ⌉ to denote the smallest integer greater than or equal to α , and the floor function ⌊α ⌋
to denote the largest integer less than or equal to α . Also N = {1, 2, ...} and N0 = {0, 1, 2, ...}. Recall that for α ∈ N,
the Caputo differential operator coincides with the usual differential operator of an integer order.
2.1 Shifted Legendre polynomials
The well-known shifted Legendre polynomials of order i are defined on the interval [0, 1] and satisfy in the following recursive formula:
pi+1 (x) =

(2i + 1)(2x − 1)
i
pi (x) −
pi−1 (x), i = 1, 2, ...,
(i + 1)
i+1
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where p0 (x) = 1 and p1 (x) = 2x − 1. The analytic form of the shifted Legendre polynomial pi (x) of degree i is given
by
i
(i + k)!xk
pi (x) = ∑ (−1)i+k
.
(2.7)
(i − k)!(k!)2
k=0
For these polynomials, by using orthogonality properties, we have:
 1
∫ 1
f or i = j,
 2i+1 ,
pi (x)p j (x) dt =

0
0,
f or i ̸= j.
A function y(x) ∈ L2 [0, 1] may be expressed in terms of shifted Legendre polynomials as
∞

y(x) =

∑ c j p j (x),

j=0

∫

where the coefficients c j are given by c j = (2 j + 1) 01 p j (x)y(x) dx.
In practice, only the first (m + 1)terms shifted Legendre polynomials are considered. Therefore, y(x) can be written
in the form
y(x) ≃

m

∑ c j p j (x) = CT B(x),

(2.8)

j=0

where
CT = [c0 , c1 , ..., cm ],

(2.9)

B(x) = [p0 (x), p1 (x), ..., pm (x)]T .

(2.10)

3 Operational matrix of derivative and fractional calculus
The derivative of the vector B(x) can be expressed by
dB(x)
= D(1) B(x),
dx

(3.11)

where D(1) is the (m + 1) × (m + 1) operational matrix of derivative given by


i f m odd,

 k = 1, 3, ..., m,



2(2
j
+
1),
f
or
j
=
i
−
k,


k = 1, 3, ..., m − 1, i f m even,
D(1) = (di j ) =





0,
otherwise.
By using Eq. (3.11), it is clear that

d n B(x)
= (D(1) )n B(x),
dxn

(3.12)

where n ∈ N and the superscript, in D(1) , denote matrix powers.Thus
(D(1) )n = D(n) , n = 1, 2, . . . .

(3.13)

Let B(x) be shifted Legendre vector defined in (2.10), so suppose α > 0 so,
Dα B(x) = D(α ) B(x),

(3.14)
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where D(α ) is the (m + 1) × (m + 1) operational matrix of fractional derivative of order α in the Caputo sense and is
defined as follows [12]:


0
0
. . .
0
..
..
..




.
.
. . .
.




0
. . .
0
 ⌈α ⌉ 0

⌈α ⌉
⌈α ⌉
 ∑
θ⌈α ⌉,0,k ∑k=⌈α ⌉ θ⌈α ⌉,1,k . . . ∑k=⌈α ⌉ θ⌈α ⌉,m,k 


k=⌈
α
⌉
,
D(α ) = 
(3.15)
..
..
..




.
.
. . .
.


 ∑ik=⌈α ⌉ θi,0,k
. . . ∑ik=⌈α ⌉ θi,m,k 
∑ik=⌈α ⌉ θi,1,k




..
..
..


.
.
. . .
.
m
m
m
θ
θ
.
.
.
θ
∑k=⌈α ⌉ m,0,k
∑k=⌈α ⌉ m,1,k
∑k=⌈α ⌉ m,m,k
where θi, j,k is given by
j

(−1)(i+ j+k+l) (i + k)!(l + j)!
.
2
l=0 (i − k)!k!Γ(k − α + 1)( j − l)!(l!) (k + l − α + 1)

θi, j,k = (2 j + 1) ∑
4

(3.16)

Description of the method

A computational approach based on the operational matrix of derivative of shifted Legendre polynomials is offered in this section in order to solve nonlinear singular boundary value problem (1.4) with the mixed conditions (1.5)
and (1.6). Clearly, from Eq. (2.8), we can approximate the solution of (1.4), y(x), as follows:
y(x) = CT B(x),

(4.17)

where C and B(x) are defined in Eqs. (2.9) and (2.10). Also, by using Eq. (3.15), we conclude that
Dα y(t) = CT D(α ) B(x),

(4.18)

Dβ y(t) = CT D(β ) B(x).

(4.19)

Now, by substituting Eqs. (4.17), (4.18) and (4.19) in Eq. (1.4) we have:
CT D(α ) B(x) + (a +

m T (β )
)C D B(x) = f (x,CT B(x)).
x

(4.20)

Also, by using Eqs. (1.5), (1.6), (3.13) and (4.17), we conclude that

α1CT B(0) + β1CT D(1) B(0) = A,

(4.21)

α2CT B(1) + β2CT D(1) B(1) = B.

(4.22)

To find the solution y(x), we first collocate Eq. (4.20) at (m − 1) points. To this end, we choose suitable collocation
points as the first (m − 1) shifted Legendre roots of pm+1 (x). Eq. (4.20) together with Eqs. (4.21) and (4.22) generate
(m + 1) nonlinear equations which can be solved using Newton’s iterative method. Consequently, we can obtain y(x)
given in Eq. (4.17).
5 Numerical examples
Here, we apply the proposed method in previous section to solve some numerical examples. All computations are
done by using Mathematica 9 software.
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Example 5.1. As the first example, we Consider the following singular two point boundary value problem:
1
y(α ) (x) + y(β ) (x) = −ey , 1 < α ≤ 2, 0 < β ≤ 1,
x

(5.23)

y′ (0) = 0, y(1) = 0,
√

4−2
√ 2
for α = 2, β = 1 the exact solution is y(x) = 2ln( (3−2
). The approximate solution for m = 15 is graphically
2)x2 +1
shown in Figure 1.

Figure 1: Comparison of the behavior of y(x) for m = 15, with exact solution, for Example 5.1.

Example 5.2. Consider the following singular two point boundary value problem:
1
5x3 (5x3 ey − 5 − x)
yα (x) + (1 + )yβ (x) =
,
x
4 + x5

(5.24)

1
1
y(0) = ln( ), y(1) + 5y′ (1) = ln( ) − 5.
4
5
1
for α = 2, β = 1, the exact solution of this example is y(x) = ln( 4+x
5 ), The approximate solution for m = 15 is
graphically shown in Figure 2.

Figure 2: Comparison of the behavior of y(x) for m = 15, with exact solution, for Example 5.2.
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6 Conclusion
In this paper, first, we introduced nonlinear singular boundary value problems of fractional order arising in biology.
Then, we applied the shifted Legendre polynomials as the basis to solve these problems. By use of the operational
matrices of derivatives of these basic functions, we converted such problems to an algebraic system. Finally, by
solving this algebraic system, we presented the approximate solution of the problem.
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