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Abstract

Based on a simple but important remark regarding the governing equation for the non-trivial shear stress
corresponding to the motion of a fluid over an infinite plate, exact solutions are established for the motion
of Oldroyd-B fluids due to the plate that applies an arbitrary time-dependent shear stress to the fluid. These
solutions, that allow us to provide the first exact solutions for motions of rate type fluids produced by an
infinite plate that applies constant, constantly accelerating or oscillating shears stresses to the fluid, can
easily be reduced to the similar solutions for Maxwell, second grade or Newtonian fluids performing the
same motion. Furthermore, the obtained solutions are used to develop general solutions for the motion
induced by a moving plate and to correct or recover as special cases different known results from the existing
literature. Consequently, the motion problem of such fluids over an infinite plate that is moving in its plane
or applies a shear stress to the fluid is completely solved.

Keywords: Oldroyd-B fluids, Infinite plate, Shear stress on the boundary, General solutions.

1 Introduction

The motion of a fluid over an infinite plate has been extensively studied due to its theoretical and practical
importance. Such a motion can be generated by the flat plate that is moving in its plane with a prescribed
velocity or applies a shear stress to the fluid. In the first case, exact solutions for the fluid motion due to the
impulsive motion of the plate or induced by a constantly accelerating plate are well-known [1, 2] while
correct starting solutions corresponding to the motion of Oldroyd-B fluids over an oscillating infinite plate
are lacking in the literature.

Furthermore, exact solutions corresponding to motions of rate type fluids generated by an infinite plate that
applies constant, constantly accelerating or oscillatory shear stresses to the fluid are also absent in the
existing literature. This is due to the governing equations that contain partial derivatives or differential

* Corresponding Author. Email address: ¢_fetecau@yahoo.com, Tel: +40721656339
125



Communications in Numerical Analysis 2015 No. 2 (2015) 125-138 126
http://www.ispacs.com/journals/cna/2015/cna-00240/

expressions acting on the non-trivial shear stress. Nevertheless in some physical situations, contrary to what
is usually assumed, the force with which the plate is moved can be prescribed. To reiterate, in Newtonian
mechanics force is the cause and kinematics is the effect (see Rajagopal [3] for a detailed discussion on the
same). Prescribing the shear stress at the plate is tantamount to prescribe the (shear) force applied to the plate
and Renardy [4] showed how a well-posed shear stress boundary-value problem can be formulated in this
case.

The main purpose of this work is to provide exact solutions for the motion of rate type fluids induced by an
infinite plate that applies an arbitrary time-dependent shear stress to the fluid. These solutions can easy be
particularized to recover known solutions for second grade and Newtonian fluids performing the same
motion. Moreover, they can also be used to develop general solutions for the motion of the same fluids
produced by an infinite plate that is moving in its plane with an arbitrary time-dependent velocity. In order
to illustrate the theoretical and practical value of general solutions that have been obtained, as well as for a
check of results, three special cases are considered and some known results from the literature are recovered
or corrected. Consequently, the motion problem of fluids of type Oldroyd-B, Maxwell, second grade or
Newtonian over an infinite plate can be considered as being completely solved since any solution with
technical relevance regarding motions of such fluids can be obtained as a special case of the present general
solutions.

2 Statement of the problem

Consider an incompressible Oldroyd-B fluid at rest over an infinite flat plate situated in the (Xx,z) plane
of a fixed Cartesian coordinate system x, y and z. After the time t =0, the plate applies a time-dependent
shear stress 7, f (t) to the fluid in the x-direction. Here, 7, is a constant shear stress while f () is a

piecewise continuous function of exponential order for t >0 whose value f (0)=0. Owing to the shear

the fluid is gradually moved and its velocity is of the form

v =Vv(y,t)=u(y,t)i, (2.1)
where i is the unit vector along the x-direction. For such a motion, the constraint of incompressibility is
identically satisfied. In the following we shall assume that the extra-stress tensor, as well as the fluid velocity,
is a function of y and t only.

By neglecting the body forces and in the absence of a pressure gradient in the flow direction, the constitutive
equations of Oldroyd-B fluids and the motion equations lead to the next two relevant equations (see [2, Egs.
(3.6) and (3.7)], for instance)

2 _ d\u(y.t) dr(y.t) _ au(y.t).
[1+/18Jr(y,t)_,u(l+/1rat) y Y 2, o ; for y,t>0, (2.2)

where  is the viscosity of the fluid, p is its density, 4 and A, (< A) are relaxation and retardation times

[5], and z(y,t) is the non-trivial shear stress. Usually, the governing equation for velocity is obtained by
eliminating the shear stress z(y,t) between Egs. (2.2).

However, in order to solve a well-posed shear stress boundary-value problem for a rate type fluid, contrary
to what is usually done we follow [6] and eliminate the velocity u(y,t) between Egs. (2.2). The surprising

result, namely
2
(1+ﬂgj sz(1+ﬂr QJM y,t >0, (2.3)
ot ot ot) oy?
where v = u/ p is the kinematic viscosity of the fluid, shows that for such motions of Oldroyd-B fluids
the nontrivial shear stress z(y,t) satisfies a partial differential equation of the same form as the fluid
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velocity u(y,t) [6]. This simple but important result allows us to solve motion problems of these fluids with
a given shear stress on the boundary and to develop new exact solutions for usual boundary value problems.
In the following the system of partial differential equations (2.3) and (2.2), together with the appropriate
initial and boundary conditions

u(y,00=0, z(y,0)=0, % =0 for y>0; 7(0,t)=7,f (t) for t>0, 2.4)
t=0

will be solved using the Laplace and Fourier sine transforms. The natural conditions at infinity, namely

u(y,t), z(y,t) >0, as y-—oo, (2.5)

have to be also satisfied.

3 Dimensionless solution of the problem

Introducing the following non-dimensional variables and functions

y t*_i’ l*:i, //L*:ﬂr T*:i, U*Z u ’ f*(t*):f(tot*), p*:L, (36)

y*: ’ - R
Mo ty ty |t 7, Jvit, to7,

where t, is a characteristic time and dropping out the star notation, we attain to the next dimensionless initial

and boundary-value problem

(1+;t§j af(y’”:(uzr%m; y,t>0, 3.7)
o)  at a) oy

=0 for y>0; z(0,t)=f(t) for t>0 and z(y,t) >0 as y — o, (3.8)
t=0

for the shear stress z(y,t) . The non-dimensional form of Eq. (2.2). is the same.

z—(y’O) — 0’ M

Applying the Laplace transform to Eq. (3.7) and bearing in mind the initial and boundary conditions (3.8),
we find that

_ oT(y.a) . _
@+ 29)aT(y,0) =1+ 4.q) &y fory>0; T(0,g)=F(g)and T(y,q) >0asy >, (3.9)

where T(y,q) and F(q) are the Laplace transforms of the functions z(y,t), respectively f(t) and q is

the transform parameter. Now, we apply the Fourier sine transform [7] to Eq. (3.9)1, use the boundary
conditions (3.9), and obtain

_e |2 A9 +1
Ts(é,q)—é\/;lqz+(1+/1r§2)q+§2F(q), (3.10)

where T, (&,q) is the Fourier sine transform of T (y,q).

In order to come back and determine the Fourier sine transform 7, (&,t) of z(y,t), we firstly write T (&, q)
in the suitable form

224 gra@ ﬁ 1-A.a(8) b(&)
= ara@P-b@F P NE @) [ra@f-p@E O G

where a(g):% and b(&) = \/(1+/1r§22/)12 -4

By applying the inverse Laplace transform to Eq. (3.11) and using the convolution theorem, we find that
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() = g\g % J' £ (t - s)ch[b(&)s]e-2@sds + g\/g % J' £ (t — s)sh[b(&)s]e-©)5ds. (3.12)
0 0

Finally, applying the inverse Fourier sine transform to Eq. (3.12), it results that

fyty=22 j £sin(yé) j f (t — s)ch[b(&)sle-*@sdsd&
T A
(3.13)

L2 2 1 1-4.a()

a(g)s
7 e R j f (- s)shib(&)sle 2dsde.

The shear stress t(y,t), given by Eq. (3.13), clearly satisfies the initial conditions (3.8). However, in this

form, the boundary condition (3.8) seems to be dissatisfied. In order to remove this drawback, we integrate
by parts the two integrals from Eq. (3.13) with respect to s. Lengthy, but straightforward computations show
that shear stress 7(y,t) can be presented in the simpler but equivalent form

1- 1,.&2

()= F(t) j sin(ye) j £t S){Ch[b(é)S]+ZAb(§)

0
that clearly satisfies the boundary condition (3.8)s.
The corresponding expression for the non-dimensional velocity, namely

1- 1,&2
2b(&)

sh[b(g)s]} e-29sdsdé, (3.14)

) ts
2
u(yt) = ——= I cos(y&) I I (s - o) {ch[b(g)a]+ sh[b(§)a]} e-a@ododsds,  (3.15)
Yol/s
0 00
is obtained introducing Eq. (3.14) in the dimensionless form of Eq. (2.2),, integrating the result with respect
to time from O to t and bearing in mind both the corresponding initial condition from Eqgs. (2.4) and the
natural condition (2.5) at infinity An equivalent form for velocity, namely

u(y, t)—— jg%os(yg)j jf(s a){ﬂch[b(é) o+ 1%8) kf(;)@ h[b(§)a]} e *Ordotsde, (3.16)

can be also obtained applying the Laplace transform to Eq. (3.14), introducing the result into the equality
(obtained from Eq. (2.2). by applying the Laplace transform)
1oT(y.@). o g

oy
where U(Y,Qq) is the Laplace transform of u(y,t) and then applying the inverse Laplace transform. Lengthy
but direct computations clearly show that the two expressions of velocity, given by Egs. (3.15) and (3.16),
are equivalent.
The solutions (3.13), (3.14), (3.15) and (3.16) give the dimensionless shear stress and velocity distributions
corresponding to the motion of an Oldroyd-B fluid due to an infinite plate that applies an arbitrary time-
dependent shear stress to the fluid. They allow us to provide exact solutions for any motion with technical
relevance of these fluids. Such exact solutions are lack in the literature for motions of rate type fluids over
an infinite plate and their value for theory and practice can be significant. The solutions corresponding to
the motion induced by an infinite plate that applies a constant or an oscillating shear stress to the fluid, for
instance, are obtained taking f (t) = H(t), respectively f (t) =H (t)sin(at) or f(t) =H (t)cos(at) into
anyone of the above relations. The corresponding velocity fields, as they result from Eqg. (3.15), are

pu(y,q) = (3.17)
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2 t 1-4,¢"
uly ) === [eostya)] {Ch[b(é)SH 2006

uy(y,t) = —% [eos(y&)[ [ cos[e(s - a)]{ch[b(é)a] Y

sh[b(g)s]}e-a@)sdsdf, (3.18)

1- 1.8

200 sh[b(f)a]} e2@ododsdE,  (3.19)

respectively,
t

0y == [os(y2)] {Ch[b(f)S] L

0

1- 2,2
240(&)

+ % fcos(yf)ifsin[a)(s - a)]{ch[b(é)a] + 1= ;’(2:)2

In order to obtain Egs. (3.18)-(3.20) we have used the known result H'(t) = 5(t), where &(-) is the Dirac
delta function, and the identity

sh[b(g)s]} e OsdsdE
(3.20)
sh[b(f)a]} e odsd .

(5 *h)(t) = j S(t—s)h(s)ds = J' 5(s)h(t - s)ds = h(t). (3.21)

Of course, Egs. (3.18)-(3.20) can be further processed but we leave this problem to the reader. Furthermore,
as expected, Eq. (3.18) can be obtained as a limiting case of Eq. (3.20) for @ =0.

It is worth pointing out that the present solutions (3.18)-(3.20) represent the first exact solutions
corresponding to motions of rate type fluids induced by an infinite plate that applies constant or oscillating
shear stresses to the fluid. Indeed, this is true since the solutions of Tong et al. [8] and Fetecau and Kannan
[9] as well as those of Nazish et al. [10] and Sohail et al. [11] do not correspond to a constant, respectively
oscillating shear stress on the boundary.

Now, it is important to notice that the solutions for Maxwell, second grade and Newtonian fluids performing
the same motion are immediately obtained as limiting cases of Egs. (3.14) and (3.15). Indeed, by making

A, = 0 into these equalities, the solutions corresponding to Maxwell fluids are obtained. The equality (3.14),
for instance, becomes

() = F(O- !S'”(y@ j ft-s) {ch[c(é)sh e Sh[C(f)S]}E‘S’“dsdf, (322)
where ¢(&) =1-44&2 [(22).
By now letting 4 — 0 into Egs. (3. 14) and (3.15), the solutions
) [ sin(yé) £
0= 102 [0 j (t- )xp( zrngdef’ (323)
2 [0S [ [ e o 0
Uge (Y1) = pnglmrgﬂ!!f(s O')exp( 1+/1r§2jdodsd§, (3.24)

corresponding to second grade fluids are obtained. Simple computations show that Eq. (3.23) is the non-
dimensional form of Eq. (3.20) obtained in [12] by a different technique. The solutions corresponding to

Newtonian fluids are obtained by making A, = 0 into Egs. (3.23) and (3.24).
As a check of results, let us take f (t) = H(t) into Egs. (3.23) and (3.24). Direct computations clearly show
that these solutions reduce to
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) .
2 1 2t
Usg (V1) I%—E -([?{1_8)@{_15&@2 COS(Y?)}df, (3.26)

which are the dimensionless forms of Egs. (4.1) that have been obtained by Fetecau and Kannan [9] using a
different technique.

4 Applications

The general solutions (3.13), (3.14), (3.15) and (3.16) for Oldroyd-B fluids, as well as those of Maxwell
fluids obtained for A, =0, are new in the literature. In the following we shall use Eq. (3.14) in order to
develop general solutions for the motion of the same fluids due to an infinite plate that is moving in its plane
with an arbitrary time-dependent velocity. In order to do that, let us consider again an Oldroyd-B fluid at
rest over an infinite flat plate. After time t =0 the plate is moving in its plane along the x - axis with the

velocity U,g(t) where U, is a constant velocity and the function g(-) satisfies the same properties as the
previous function f (-) . Due to shear the fluid above the plate begins to move. Its velocity is given by Eqg.
(2.1) and the constitutive and motion equations again reduce to Egs. (2.2). Eliminating z(y,t) instead of
u(y,t) between these equations, as usually, we recover the governing equation for velocity, namely

(1+ zﬁj uly.H) _ V(1+ A g)_am(y,t) : yt>0. (4.27)
ot ot ot) oy?

This equation is identical as form to Eq. (2.3) that is satisfied by the shear stress. Its dimensionless form and

the corresponding initial and boundary conditions are also identical to those from Eqgs. (3.7) and (3.8) with

u(y,t) and g(t) instead of z(y,t) and f(t).

Consequently, the dimensionless velocity field u(y,t) corresponding to such a motion, as it results from

Eqg. (3.14), is

1-1,£2

0002 [ S'”(yf)j o-9) [yt 5

0
The solution (4.28) is also new in the literature and the corresponding shear stress can easy be obtained using
the dimensionless form of Eqg. (2.2)1. The solutions corresponding to Maxwell, second grade and Newtonian
fluids can be immediately obtained as limiting cases of these solutions. In order to bring to light the
theoretical importance of general solution (4.28), let us consider some motions with technical relevance of
Oldroyd-B fluids.

sh[b(g)s]} e-2sdsde (4.28)

4.1. Flow due to the impulsive motion of the plate (Stokes’ first problem)
In this case taking g(t)=H(t) into Eq. (4.28) and again using the property (3.21), we obtain the

dimensionless form of a known result, namely (see [13], Eq. (3.6) with £ =0)

_ sin(y<) 1-4¢ —aot
u(y, ) =H(t)1- ﬂ! : {h[b(é)t] 270(2) Sh[b(é)t]} Eds . (4.29)

ISPACS

International Scientific Publications and Consulting Services




Communications in Numerical Analysis 2015 No. 2 (2015) 125-138 131
http://www.ispacs.com/journals/cna/2015/cna-00240/

By making A, or 4 — 0 into Eq. (4.29), the solutions corresponding to Maxwell, respectively second grade

fluids are again obtained. The solution for second grade fluids, for example, is (see [1, Eq. (3.14)] for its
dimensional form)

Us (y,1) =H (1) 1——

{— i Jsm(y‘/’g)d(;. (4.30)

J1+ ,1§2 1+4,62) &

4.2. Flow caused by a varlably accelerating plate
By now letting g(t) =t* (a >0) into Eq. (4.28), we find the velocity field

© t

i 2

u(y,t) =« — 2% J' MI(t—s)w-1 ch[b(£)s]+ 1-2r shib(£)s]t e-*@sdsdé | (4.31)
T & ' 22b(&)

corresponding to the motion induced by a variable accelerating plate. Of special interest is the case o =1

corresponding to the motion induced by a constantly accelerating plate. In this case we recover the

dimensionless form

u(y.t)y=t- js'”(yé)df j{ch[b(§)t]+

0

1+ (4, —22)¢?
2b(&)
of the equality (18) from [2]. A simple analysis clearly shows that u(y,t) given by Egs. (4.31) and (4.32)

sh[b(§)t]}% edE,  (4.32)

satisfies all imposed initial and boundary conditions.

4.3. Motion produced by an oscillating plate (Stokes’ second problem)

Let us now assume that the infinite plate oscillates according to

v(0,t) = H(t)sin(at)i or v(0,t) =H(t)cos(at)i. (4.33)
By considering g(t) = H (t)sin(et) into Eq. (4.28) we obtain the velocity field

us(y,t) = H(t)sin(awt)

1- 2, &2 (4.34)

2 o Fsingye) |
e or O [F5 feosten- o228

sh[b(é)s]} e2)sdsd &,
corresponding to the second problem of Stokes for Oldroyd-B fluids. If 4 —0, Eq. (4.34) takes the
simplified form

0

Ugsg (¥,1) = H (1) sin(a)t)—%a) | 5;1'”(/31’22) J' cos[(t - s)]exp( 5;552 jdsdf , (4.35)

corresponding to second grade fluids. By evaluating the second integral, we recover the non-dimensional
form

&sin(ys$)
+@?(L+ 2,E2)2

. 2 ¢
U (Y, 1) = H(t)< sin(at) — — wcos(wt) d&
r .([54

(4.36)
) g (1+ A,£2)sin(yé) 2 [ ésin(ye) £
o S|n(wt)jé[ TS p L mjeﬂmzmu 7 xp( » szdi ,

of Eq. (3.9) from [14]. Of course, in view of the entry 1 of Table 5 from [7], this result is equivalent to that
obtained by Christov and Jordan [15, Eq. (3.8)].
As regards the solution corresponding to the cosine oscillations of the plate, namely
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1-1,£2

sm(ye:){
uc(y,t) = H(t){ cos(amt) - h[b(&)t]+ ———=—
! & 22b(&)

Sh[b(é)t]} e 2tdg
(4.37)

2 PN [ o 1- 4,6 -
”a)! : _!' sinfa(t s)]{ch[b(g)s]Jr Y sh[b(f)s]} Dsdsd b,

it corrects the result obtained in [16, Eq. (3.10)]. By making A — 0 into Eq. (4.37), we recover the
dimensionless form of Eq. (2.5) from [15]. Furthermore, as it was to be expected, Eq. (4.37) reduces to the
solution corresponding to the first problem of Stokes given by Eq. (4.29) if ®=0.

The starting solutions (4.34) and (4.37) corresponding to Oldroyd-B fluids, as well as the solution (4.35) for
second grade fluids, can be written as a sum of permanent and transient solutions. The permanent solutions
corresponding to Oldroyd-B fluids, namely

uSp (y,t) =sin(at)

2o [S0e) S'”(y O j cos[oo(t — s)]{ch[b (g)s]+ Ae” sh[b(§)s]} e dsd (439)
PR 22b (&)
Ug (Y 1) = COS(wt)

+3wf3i”(y <) fsin[a)(t —s)]{ch[b(ej)s]+ L-4¢° sh[b(§)s]} e dsd s, 439
T 5 & % 2b($)

can be further processed to give the simple forms

Ugy (Y,1) =e~™sin(at —ny), Uy, (Y,t) =e"™cos(at —ny), (4.40)

where 2m? = \Ja* + B% —a?, 2n? = \Ja* + B% +a?, a? :M and ﬂ:M.

1+ 22w? 1+ Xw?
By now letting 4 — O into Egs. (4.40), the dimensionless forms of the solutions obtained by Rajagopal [17]
are recovered. In the case of Newtonian fluids, when A and A, — 0, Egs. (4.40) reduce to the
dimensionless forms

uNsp(y,t) = e_y@sinKa)t - y\/%], uNcp(y,t) - e’y\/fcos(a)t - y\/%} (4.41)

of classical solutions (see for instance [18, Egs. (3.17) and (3.12)]). Finally, in the view of governing
equations (3.7) and (4.27) for velocity and shear stress, it results that the expressions of dimensionless
permanent shear stresses corresponding to the motion of an Oldroyd-B fluid due to an infinite plate that

applies oscillating shear stresses 7, sin(at) or z,cos(wt) to the fluid are given by the same expressions
appearing in the right parts of Egs. (4.40). The corresponding velocity fields, namely

m? + n? . vm? 4+ n?

Ugp (Y, 1) = —————e"™sin(at —ny — ), U, (Y,t) =—————e ™cos(at —ny —¢), (4.42)
yolo)] yolo)]

where tggp=m/ n are obtained using again the dimensionless form of Eq. (2.2),. For Newtonian fluids,
when A and A, — 0, Egs. (4.42) reduce to

1 -2 w 1 v |2 w
UNsp(yat) = p\/g e V\Esm(a)t — y\/; _%j, uNcp(yyt) = p\/g e y\E(;os[a)t — y\/; —%} (4.43)

which are just the dimensionless forms of the permanent solutions (3.20) and (3.22) from [19].
5 Conclusions
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In this work, contrary to what is usually solved in the existing literature, a shear stress boundary value
problem is analytically studied. It corresponds to unsteady unidirectional motion of an Oldroyd-B fluid over
an infinite plate that applies an arbitrary time-dependent shear stress to the fluid. The dimensionless solutions
for velocity and shear stress that have been obtained by means of integral transforms, allow us to provide
exact solutions for motions of rate type fluids due to an infinite plate that applies constant, constantly
accelerating or oscillating shear stresses to the fluid. Such solutions, which are lack in the literature for rate
type fluids, can be easy reduced to the known solutions for second grade or Newtonian fluids performing
the same motion.

As an application, a general solution is developed for the velocity field corresponding to the motion of the
same fluids induced by a moving plate. For illustration, as well as for a check of results, three special cases
are considered and different known solutions are recovered as limiting cases. They correspond to motions
with uniform, accelerated or oscillating velocity of the plate. The velocity field (4.34) corresponding to the
sine oscillations of the plate is new in the literature while the solution (4.37) for cosine oscillations of the
plate corrects a result obtained in [16, Eq. (3.10)]. In all cases, the solutions corresponding to Maxwell,
second grade or Newtonian fluids performing the same motions can be obtained as special cases of general
solutions and the motion problem of these fluids over an infinite plate can be considered as being completely
solved.

Now, in order to get some physical insight of results that have been obtained, some numerical calculations
have been carried out for different values of physical parameters and time t. The dimensionless velocity
profiles corresponding to two motions with technical relevance are presented in Figs. 1 and 2 for three
different values of the time t. They correspond to the motion induced by an infinite plate that applies a
constant shear to the fluid or due to the plate that is moving with a constant velocity in its plane. The fluid
velocity, as expected, is an increasing function of time in both cases. It smoothly decreases from maximum
values at the wall to the asymptotic value for large values of y. Furthermore, the values of u(y,t) at any

distance y are always higher for t =t; than for t =t, if t; >t,. The velocity boundary condition, in the

second case, is clearly satisfied.

As regards the oscillating motions of fluids, their starting solutions are written as a sum of steady-state
(permanent) and transient solutions. Such solutions are important for those who want to eliminate the
transients from their rheological measurements or experiments. Consequently, an important problem
regarding the technical relevance of these solutions is to find the approximate time after which the fluid is
moving according to the steady-state solutions. More exactly, we have to determine the required time to
reach the steady-state by comparing the corresponding steady-state and starting solutions at different values

of the time t. This time, with an error of order 1072, is determined for comparison in Figs. 3, 5, 7 and 4, 6,
8 for motions due to sine and cosine oscillations of the plate. In both cases, as expected, it is a decreasing

function with respectto @ and A, and increases for increasing values of A .

The main findings which directly result from our graphical representations are:
- The dimensionless velocity of the fluid corresponding to the motion due to the plate that applies a constant
shear to the fluid (when t(0,t) = H(t)) is greater than that corresponding to the motion induced by the

plate that is moving with a constant velocity (when u(0,t) = H(t)).

- The required time to reach the steady-state for oscillatory motions of Maxwell or second grade fluids is
greater, respectively lower in comparison with Newtonian fluids.

- The required time to reach the steady-state for oscillating motions of Oldroyd-B fluids is greater or lower
in comparison with Maxwell, respectively second grade fluids.

- The required time to reach the steady state for motions due to sine oscillations of the plate is higher in
comparison to that corresponding to motions induced by cosine oscillations of the plate. This is obvious
because at t =0 the velocity of the plate is zero.
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Figure 1: Profiles of the velocity u(y,t) given by Eq. (3.18) for different values of t.
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Figure 2: Profiles of the velocity u(y,t) given by Eq. (4.29) for different values of t.
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Figure 3: Required time to reach the steady-state for the motion of an Oldroyd-B fluid due to the sine oscillations of
the plate for ®=2 and w=4.
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Figure 4: Required time to reach the steady-state for the motion of an Oldroyd-B fluid due to the cosine oscillations
of the plate for ®=2 and w=4.
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Figure 5: Required time to reach the steady-state for the motion of an Oldroyd-B fluid due to the sine oscillations of
the plate for A=3 and A=5.
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Figure 6: Required time to reach the steady-state for the motion of an Oldroyd-B fluid due to the cosine oscillations
of the plate for A=3 and A=5.
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Figure 7: Required time to reach the steady-state for the motion of an Oldroyd-B fluid due to the sine oscillations of
the plate for A , =1 and A =2.
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Figure 7: Required time to reach the steady-state for the motion of an Oldroyd-B fluid due to the cosine oscillations
of the plate for A ;=1 and A ,=2.
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